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Coalescence of binary neutron stars (BNSs) is one of the sources of gravitational waves (GWs)
able to be detected by ground-based interferometric detectors. The event GW170817 was the first
observed in the gravitational and electromagnetic spectra, showing through this joint analysis a
certain compatibility with the models of short gamma-ray bursts (sGRBs) to explain the signature
of this system. Due to the intense magnetic fields of the neutron stars, the plasma magnetosphere
stays strongly magnetized and the propagation of the GW through plasma can excite magnetohy-
drodynamic (MHD) modes such as Alfve´n and magnetosonic waves. The MHD modes carry energy
and momentum through the plasma, suggesting a mechanism to accelerate the matter during the
coalescence of the binaries, explaining some characteristics of the fireball model of the sGRBs. We
present a semianalytical formalism to determine the energy transferred by the GW-MHD interaction
during the inspiral phase of the stars. Using the inferred physical parameters for GW170817 and
considering that the magnetic fields on the surfaces of the stars are 108 T, we show that the energy
in the plasma can reach maximum value ∼ 1035 J (∼ 1032 J) for the Alfve´n mode (magnetosonic
mode) if the angle formed between the background magnetic field and the GW propagation direction
is θ = pi/4. Particularly, for θ = pi/2 only the magnetosonic mode is in coherence with the GWs. In
this case, the excited energy in the plasma reaches maximum value ∼ 1036J. If the magnetic field
on the surface of the progenitors of the event GW170817 was ∼ 2× 109 T then energies comparable
to those inferred for the GRB 170817A could be obtained. In particular, our semianalytical for-
malism show consistence with the results obtained by other authors through full general relativistic
magnetohydrodynamics (GRMHD) simulations.
PACS numbers: 04.30.w, 97.60.Jd, 94.30.cq
I. INTRODUCTION
After the inauguration of a new observational window
for the study of the Universe through the gravitational
waves (GWs) produced by black hole (BH) mergers [1–
5], a sign in GWs of the event GW170817, detected by
the LIGO-VIRGO collaboration, was interpreted as be-
ing consistent with the coalescence of a binary of neutron
stars (BNSs) [6]. This detection comes four decades af-
ter the seminal results of [7] who evaluated the orbital
decaying of the PSR B1913+16.
The best combination of mass measurement provides
the chirp mass Mc = 1.188
+0.004
−0.002M and a total mass
range ∼ 2.73 − 3.29M for GW170817. The masses of
the components are between 0.86 − 2.26M, according
to the masses of known NSs [6].
In addition, a gamma-ray burst, GRB 170817A, was
observed 1.7 s after the coalescing time of GW170817
[8, 9]. The combination of the LIGO-VIRGO data al-
lowed for a precise positioning within an area of 28 deg 2
and to a distance ∼ 40+8−14 Mpc [10]. On the other hand,
the GRB 170817A was found in the galaxy NGC 4993,
consistent with the location and distance given by the
GW data [11].
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Traditionally, the GRB progenitors are based on the
time domain duration [12]. Some long GRBs (t ≥ 2s)
are associated with Type Ic supernova [13, 14]. In its
turn, observations by Swift satellite [15] have revealed
that some short GRBs (t ≤ 2s) are associated with ellip-
tical and small star-forming galaxies [16]. Additionally,
their progenitors have been associated with mergers of
compact objects [12, 17–20]. Similar results were ob-
tained by observations from Fermi [21–23] and Integral
satellites [24].
A part of the energy released by the GRB progenitor
is in the form of highly relativistic jets. These struc-
tures can reach radius ∼ 1011 m producing γ-rays which
are characterized, nominally, as prompt emission. At
a greater distance, for a range of ∼ 1012 m, the after-
glow, another electromagnetic counterpart, is produced
[25, 26]. Despite the extensive study, the nature of the
GRB still remains as an open question [18].
One possibility is that GRBs are produced according
to the so-called “fireball model” [18, 27–30], introduced
for the first time by [31]. Fireballs are essentially dynam-
ical objects, whose properties grow up quickly with time.
The GRB itself is produced by the internal dissipation
within the outflow, while the afterglow is produced by
the external shock with the surrounding medium. These
models are based on the assumption that ultrarelativistic
outflows are commonly shock generators. Adding some
baryon contamination in the fireball, even a small amount
of baryons (10−7 − 10−5M), dragged by the radiative
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2sphere would eventually carry the energy of the fireball,
converting the initial radiative energy into kinetic energy
[18].
The internal shock is in interaction with itself. These
shocks can explain the rapidly varying light curves of the
prompt emission. They occur within a structure com-
posed by relativistic jets, when the outflow of the central
engine takes successive shells with different Lorentz fac-
tors. Multiple shocks appear when the faster shells out-
grow the slowest shells [32–35], and the fireball shock in-
teracts with the external environment around the source.
This shock explains the afterglow radiation of several
wavelengths [36–40]. The models of internal and external
shocks do not depend on the nature of the central source.
It is irrelevant whether the initial energy source is due to
the coalescence of compact objects or to collapses pro-
duced by explosions of super massive stars [41].
The critical issue is related to the problem of parti-
cle acceleration in relativistic shocks. The usual model
is the so-called “diffusive shock acceleration model”. In
this model, the particles are accelerated when they re-
peatedly cross a shock [42], and magnetic irregularities
confine the particles near the shock [43–46]. In the case
of GRBs, the shocks are relativistic and particle accelera-
tion becomes a more complicated process. Diffuse shock
acceleration can not be applied because the propagation
of the accelerated particles, close to the shock, can not
be described as spatial diffusion [47–53].
Magnetic fields are the natural way of transmitting the
energy of the central object with a small contribution
of baryons. In an ideal magnetohydrodynamic (MHD)
plasma, this can be considered as magnetic energy carry-
ing by the outflow of the central object [54]. This model is
dominated by the Poynting flux, without internal shocks.
Despite instabilities, the magnetic energy in the flux
can be converted into kinetic energy from plasma, then
into heat or radiation. Depending on the velocity of this
energy dissipation, the energy conversion may occur near
the central object or outside the photosphere, if the dis-
sipation is slow. At the same time, the dissipation of
the magnetic energy reduces the total pressure, and the
pressure gradient accelerates the flow out. As a result, a
central magnetic mechanism can provide both accelera-
tion and dissipation outside the photosphere as required
for an efficient prompt radiation [54].
There are questions for which the internal fireball
shock model does not provide satisfactory answers [54–
58]. An alternative model called electromagnetic model
(EMM) was proposed. In this model, the energy of a
dominant Poynting flux is dissipated directly into parti-
cles through plasma instabilities. Although the Poynting
flux is generally most directly observable, this electro-
magnetic energy can be transferred to kinetic energy of
the plasma, which will radiate through different processes
[59]. Scenarios with dominant Poynting flux require a
strong magnetic field (> 1015 G) and large rotation rate
(Ω ∼ 104 s−1) [60]. These characteristics can be found
when a NS merger forms an accretion torus around a BH
and in newborn magnetars [59, 61–64].
The presence of charged matter and high magnetic
fields suggests the participation of Alfve´n and magne-
tosonic waves [65] as an important mechanism for par-
ticle acceleration, as well as processes involving mag-
netic reconnection [66]. Given the high temperatures
reached by the matter in the fireball [67], associated
with intense magnetic fields, the magnetohydrodynamics
(MHD) waves are produced during the coalescence of the
compact binary systems, while they release gravitational
waves [68].
The MHD waves can transport energy and momentum
through the plasma. They depend on the characteris-
tics of the system, such as magnetic field, local density,
and also of the gravitational radiation. This would sug-
gest that MHD waves may be a possible mechanism for
accelerating matter to high Lorentz factors.
In a vacuum (flat) space-time, GWs and electromag-
netic waves (EMWs) do not interact. However, the GWs
and EMWs can couple on a curved background. In par-
ticular, [69] finds low values for the transfer of electro-
magnetic energy to gravitational energy and being pro-
portional to G/(pic3)B2RT ∼ 10−17. The authors ob-
tain that result for a light-ray travel time T ∼ 107
years and considering a constant interstellar magnetic
field ∼ 10−5 G over a scale ∼ 10 light years.
The EMW traveling through a static electromagnetic
field can be excited by GWs with the same frequency
and wave vector. The efficiency of the process depends
upon the square of the field as well as on the square of
its linear dimension [70]. In a space with a stationary
magnetic field, [71] verified that hB0 is the source of the
electromagnetic radiation, where h is the GW amplitude
that modifies the metric and, as a result, it produces
stretch and compression of the lines of B0.
The GW-EMW interaction has also been studied in
[72]. In this case, the interaction results from the
decay of a graviton with energy ~ω0 into a photon
with energy ~ω1 plus a plasmon with energy ~ω2, such
that the growth rate of the plasma waves is given by
(k2ω0/k2ω1)
2
ω1ω2/4|h×|2 (considering h+ = 0).
In [73], the authors derived the dispersion relations
governing the coupling between GWs and EMWs and
that propagate in the parallel and perpendicular direc-
tions to the background magnetic field. Waves propagat-
ing at an arbitrary angle with the magnetic field were not
considered. The authors found that the GW-EMW cou-
pling is related to the fact that anisotropic perturbations
of the distribution function induce drifts in the electrons
and ions, which in turn generate an electric current.
Therefore, the GW-EMW interaction is mainly related
with the generation of electric currents in the plasma due
to the perturbations in the trajectories of the charged
particles by the passage of the GW through the medium
[74]. The GW propagation along the direction of the
background magnetic field does not generate currents in
the plasma [73, 74].
Although the interaction of the GWs with the mat-
3ter be weak, the GW-EMW coupling can be altered by
the presence of a strongly magnetized plasma. In par-
ticular, the GW can interact with the EMW producing
excitations in the plasma, that is, Alfve´n and magne-
tosonic waves. High frequency GWs produced by the
NSs merger propagate through the magnetosphere of the
system, interacting with the electromagnetic fields cou-
pled with matter. This interaction (or coupling) can ex-
cite MHD waves, generating higher harmonics, such as
electromagnetic radiation in the radio frequency band
[75, 76].
On the other hand, [77] showed that a GW generated
by a magnetar might well be the source of the energy
released in a giant flare and may be even in a short GRB,
through the absorption by the plasma of the GW energy.
The authors assumed a NS magnetic field B ∼ 1016 G,
background density ∼ 10−14 g cm−3, an adiabatic index
Γ = 4/3, and GW frequency reaching ∼ 5 kHz.
The GW-EMW coupling is more efficient if the waves
are in coherence, i.e., if the frequencies satisfy some
matching conditions and the relative wave phase remains
unaltered for a long time [78]. In fact, this is a resonant
condition [65, 74, 79]. Coherent interaction only requires
that the frequencies coincide and that they have identical
phase velocity. According to [78], considering GW-EMW
interaction in a “medium”, the occurrence of such reso-
nances is more rare because the GW velocity is equal
to the light speed but, the velocity of a MHD wave de-
pends on the Alfve´n velocity. Thus, it decreases with
the mechanical pressure and increases with the magnetic
pressure.
The condition for coherence to occur can be established
in strongly magnetized plasmas with pressure p and mag-
netic field B if 2µ0p/B
2  1. In this paper, we study the
interaction between GWs and EMWs in a strongly mag-
netized plasma, modeled by the general relativistic mag-
netohydrodynamics (GRMHD) equations before merger,
and considering the magnetosphere density proportional
to the Goldreich-Julian corotation density [80]. When
the GW and EMW frequencies are very close, the elec-
tromagnetic energy reaches high values.
In particular, our aim is to present the set of GRMHD
equations describing the interaction of GWs with the
magnetosphere of NSs. This interaction produces EMWs
in the magnetized plasma during the binary inspiral
phase.
We present a semianalytical formulation to describe
the interaction of the +,×-polarizations with the MHD
wave modes. From this coupling, energy can be trans-
ferred from GWs to EMWs. Additionally, we have shown
that the so-called magnetosonic mode, satisfying the co-
herence condition between GWs and EMWs, could reach
energies close to those inferred for GW170817. We dis-
cuss what parameters and physical conditions could con-
tribute to this.
The paper is organized as follows. In Sec. II, we
present the linearized general relativity (GR) equations
and the wave solution for the inspiral of compact binaries.
The current densities that are generated by the GWs are
presented with the linearized Maxwell equations, using
the 1+3 orthonormal frame (ONF) formalism. Moreover,
we show that the approximation of ideal MHD theory re-
mains valid during the coalescence of the binary system.
In Sec. III, we demonstrate by the closed GRMHD set
equations how the interaction between the plasma and
the GWs happens. With the dispersion relation derived
by the Fourier Transform (FT), we show how to obtain
the solutions for the equations that describe the coupling
of the + and × GW polarizations with the EMWs using
the comovel system. For the sake of completeness, we
also present these solutions in the rest frame. In Sec.
IV, we discuss how much energy can be associated with
these processes and we apply our formalism in two ex-
amples, the simulation developed by [64] and the source
GW170817. In Sec. V, we study the refractive index of
these systems. The Poynting vector of the MHD waves is
discussed in Sec. VI. Finally, our results are summarized
and further discussed in Sec. VII, where we also dis-
cuss the relevance of our formalism for studies involving
sGRBs.
II. GENERAL RELATIVISTIC
MAGNETOHYDRODYNAMICS EQUATIONS
A. Gravitational waves
The GWs are described as ripples that propagate with
speed of light on the space-time. Their solutions can be
obtained from Einstein’s field equations [81]. The deriva-
tion of the wave equation solutions can be simplified,
neglecting, in large scale, the curved structure of space-
time by the distribution of matter, e.g., GWs of either
astronomical objects with intense gravitational fields or
catastrophic events can be calculated far from source, as
weak ripples on the flat background [82].
Einstein’s full equations, Eq. (1), depend on the space-
time metric tensor (gab) and the momentum-energy ten-
sor (Tab). The first one results in the Ricci tensor (Rab)
and scalar curvature (R), configuring in the geometric
part of Einstein’s field equations. Last, it is responsible
for curvature of space-time defined by the metric gab [83].
G and c are the gravitational constant and speed of light,
respectively.
Rab − 1
2
gabR =
8piG
c4
Tab . (1)
In the linearized theory, the metric tensor of the per-
turbed space-time differs from the Minkowski (flat) met-
ric. The metric gab usually splits as gab = ηab + hab,
with |hab|  1 [84] and ηab = (−1, 1, 1, 1). With negli-
gible second order terms in hab and the conservation of
energy-momentum (∂aTab = 0), the field equations re-
duce to the set of nonlinear equations [85]
4h¯ab = −16piG
c4
Tab . (2)
The general solution of Eq. (2) is given by Green func-
tions, applying the transverse traceless (TT) gauge. The
system stays in the comoving frame and the hab tensor
is projected on the perpendicular wave propagation di-
rection [86]. The perturbation hab does not “compress”
nor “stretch” the space-time elements, but induces a
“strain”, keeping its volume.
Therefore, the GWs are purely transverse with two po-
larization modes: h+ and h×. These modes differ by pi/4
rotation around the propagation axis, which satisfies the
quadruple nature of the gravitational field [83, 87]. In
general, the GW is the superposition of these two polar-
izations.
After a multipole expansion and for a distant ob-
server, the perturbation hab can be written in terms
of quadrupole momentum tensor that depends on the
matter density. Thus, the gravitational emission is not
isotropic and the symmetric motions of the system do not
emit any gravitational radiation. The amplitude hTTαβ in
terms of the quadrupole momentum tensor is
hTTαβ (t, ~r) =
2G
r c4
Q¨TTαβ (t− r/c) , (3)
where
Qαβ(t) ≡
∫
ρ(t, ~r)
(
xαxβ − 1
3
r2δαβ
)
d3x . (4)
For a binary system before coalescence, with masses
m1 and m2 and orbital displacement in the plane x− y,
the equations of motion are harmonic oscillations and
they are given by
x0 = R cos(ωst+ pi/2) , (5a)
y0 = R sen (ωst+ pi/2) , (5b)
z0 = 0 . (5c)
Initially, the loss of energy of the system due to the
GWs can be neglected. Thus, in the Newtonian ap-
proach, the system becomes as the one-body with equal-
mass case where the reduced mass is µ = m1m2/(m1 +
m2). The Newtonian orbital frequency is given by ω
2
s =
G(m1 +m2)/R
3, where R is the orbital radius [88]. From
these conditions, it is possible to calculate the quadrupole
momentum tensor, Eq. (4), hence, the perturbation hab
for a binary system. The GW amplitude, in the Fourier
space, released by the binary system in the inspiral phase
is given by [88]
h+(fGW ) = Ae
iψ+(fGW )
c
r
(
GMc
c3
)5/6
1
f
7/6
GW
(
1 + cos2 ι
2
)
,
(6a)
h×(fGW ) = Aeiψ×(fGW )
c
r
(
GMc
c3
)5/6
1
f
7/6
GW
cos2 ι , (6b)
where the chirp mass is Mc = (m1m2)
3/5/(m1 +m2)
1/5,
A = pi−2/3(5/24)1/2, ψ+(fGW ), and ψ×(fGW ) are the
phases of +,× given by
ψ+(fGW ) = 2pifGW tcoal − φc − pi
4
+
3
4
(
GMc
c3
8pifGW
)−5/3
,
(7)
ψ×(fGW ) = ψ+(fGW ) + pi/2 . (8)
Equations (6a) and (6b) are the spectral amplitude
densities. They have units of amplitude intensity over
frequency.
The GW frequency increases with time (t) until the
system reaches the merger at tcoal. In terms of the pa-
rameter τ = tcoal − t, we have
fGW (τ) =
1
pi
(
5
256
1
τ
)3/8(
GMc
c3
)−5/8
, (9)
The GW frequency depends on the chirp mass (Mc)
of the binary system, the distance from the observer (r)
and the ι angle with the normal of the orbital system.
While the system coalesces, the orbital radius decreases
with the time τ as
R(τ) = R0
( τ
τ0
)1/4
, (10)
where R0 is the initial orbital radius at t0, thereby τ0 =
tcoal − t0.
With the equations for fGW and R, Eqs. (9) and (10),
respectively, the orbital velocity of the stars in terms of
the GW frequency is
v = [piG(m1 +m2)]
1/3f
1/3
GW . (11)
When the stars are very close, the gravitational field
is strong and so there are important consequences on
the dynamics of the binary system. In fact, there is a
minimum distance between the stars able of keeping the
orbit circularly stable [89]. It is called inner-most stable
circular orbit (ISCO). On Schwarzschild coordinates, we
have
R(ISCO) =
6Gm
c2
(12)
5where m = m1 +m2.
Therefore, the adiabatic inspiral phase occurs at dis-
tances R & R(ISCO). Close to R(ISCO), the dynamics
are dominated by strong field effects and the two stars
plunge toward each other. The inspiral phase ends when
the merger begins. The GW frequency at the ISCO is
fGW(ISCO) =
1
3
√
6
c3
2piGm
. (13)
The emission of GWs removes energy from the system.
In this way, R must decrease with time while the fGW
increases. The power radiation is then
P =
32
5
c5
G
(
GMcpifGW
c3
)10/3
. (14)
In Newtonian formalism, the total energy released is
given by
∆Erad ∼ pi
2G
(GMc)
5/3
(
fGW(ISCO)
)2/3
. (15)
Considering the system GW170817 with total mass
m = 2.73M, chirp mass Mc = 1.188M, the frequency
is fGWISCO ≈ 1.61 kHz, and R(ISCO) ≈ 2.42 × 104 m.
The power radiation evolves like P ' 7.49 × 1036f10/3GW
and the energy released is about ∆Erad ∼ 1.01× 1046 J.
In these conditions, Eq. (11) produces β = v/c ≈ 0.406
in the inner-most stable circular orbit.
B. Electromagnetic fields
We want to see how the GWs induce small perturba-
tions in the plasma around the stars that form the binary
system. The plasma is in the space-time described by
the metric gab = ηab + hab. Moreover, the plasma pro-
prieties are averages over the fluid elements [90, 91]. In
the MHD formalism, the equations describing the mag-
netized plasma come from the fluid and electromagnetic
equations. We work with the Gaussian units with c = 1
(explicitly shown otherwise, for convenience).
The Maxwell’s equations in terms of the electromag-
netic field tensors F ab (Maxwell tensor), its dual Fab, and
the 4-current density, jb = (ρ,~j), are given by [92]
∇bF ab = 4pija , (16a)
∇bFab = 0 . (16b)
In the 3+1 formalism [93], the Maxwell equations can
be described in the comovel frame, whereas the vector
basis of orthonormal tetrad is written in terms of the
GW amplitude [75]
eˆ0 =
(
∂
∂t
, 0, 0, 0
)
,
eˆ1 =
(
0,
[
1− h+
2
] ∂
∂x
,
−h×
2
∂
∂y
, 0
)
,
eˆ2 =
(
0,
−h×
2
∂
∂x
,
[
1 +
h+
2
] ∂
∂y
, 0
)
,
eˆ3 =
(
0, 0, 0,
∂
∂z
)
, (17)
and the metric tensor gab is described by
gab(t, z) =
−1 0 0 00 1 + h+ h× 00 h× 1− h+ 0
0 0 0 1
 . (18)
The linearized Maxwell equations coupled to the grav-
itational perturbations, in the specified tetrad, are [76]
∇× ~E(1) + ∂
~B(1)
∂t
= −~j(1)B ,
∇× ~B(1) − ∂
~E(1)
∂t
= 4pi~j(1) +~j
(1)
E ,
∇ · ~E(1) = 4piρ(1) ,
∇ · ~B(1) = 0 . (19)
In the plasma rest frame and considering a collision-
less plasma with no dissipative effects and conductivity
σ →∞, then the electric field ( ~E(0)), the plasma velocity
(~v(0)), the current density (~j(0)), and the charged matter
density (ρ(0)) all disappear.
We take the covariant derivative ∇cF ab = ∂cF ab +
ΓadcF
db + ΓbcdF
ad [87] and we disregard terms of order
two or higher (O(h2+,×) ≈ 0). Here, the superscript (0)
corresponds to the background variables and the notation
(1) corresponds to the perturbed variables.
The current densities induced “gravitationally”, ~jB
and ~jE in Eq. (19), are calculated by
~j
(1)
B = −
B
(0)
x
2
∂
∂t
h+h×
0
 , (20a)
~j
(1)
E =
B
(0)
x
2
∂
∂z
 h×−h+
0
 . (20b)
We note that in [76], the expression ~j
(1)
E has a differ-
ent signal from that obtained here. However, the phys-
ical interpretation of this parameter obtained by [76] is
the same as that obtained here. The effect of the GWs
is to induce small perturbations in all quantities of the
plasma. Therefore, all equations are linearized around
the unperturbed state. Important to note that the func-
tions h+,×(z, t) are general, their waveforms depend on
the source of gravitational radiation.
6C. Plasma equations
In the ideal MHD formalism, the plasma is described as
a unique fluid, collisionless, without viscosity (and so the
pressure tensor P = pI, where I is the identity matrix),
and no heat dissipation (that is, the heat flux ~Q = 0)
[90].
The gravitational terms are conservative, besides they
are neglected in comparison with the electromagnetic
terms. Without dissipative effects, the resistivity of
the plasma is insignificant (i.e., the conductivity σ →
∞). For a plasma with infinite conductivity, the parti-
cles quickly restore the neutrality condition causing the
charge ρ(~r, t) and the current (~j) densities to disappear
[91]. Therefore, the system is adiabatic and the energy
conservation condition produces
p(0) = k(ρ(0)m )
Γ , (21)
where Γ is the polytropic index (4/5 6 Γ 6 5/3).
By the first law of thermodynamics dU = dQ − pdV
[94], where U is the internal energy per unit mass, p is the
plasma pressure, and V is the specific volume per unit
mass (V = 1/ρm). With Eq. (21), the internal energy is
U (0) =
p(0)
ρ
(0)
m (Γ− 1)
. (22)
Hence, the total relativistic energy-matter of the
plasma with respect to the 4-velocity is given by (the
speed of light c is shown for convenience)
µ(0) = ρm(c
2 + U (0)) = ρ(0)m c
2 +
p(0)
Γ− 1 . (23)
The relativistic enthalpy (with unit Nm−2) is given by
[54, 94]
w(0) = µ(0) + p(0) , (24)
such that µ(0) and p(0) are considered mechanical pres-
sures.
Combining Eqs. (21), (23), and (24), the proper rela-
tivistic sound velocity can be calculated by
c2s =
∂p
∂µ
∣∣∣∣
ad
=
Γp(0)
w(0)
. (25)
The pressure gradient can be written as ∇p(1) =
c2s∇µ(1). The enthalpy, in Eq. (24), results in the matter
density µ(0), when the plasma pressure is neglected or
when the plasma is in the cold plasma approximation.
The conservation of energy-momentum is determined
by
∇bT ab = ∇b
[
(µ+p)uaub+pgab+
1
4pi
(
F acF
bc− 1
4pi
F cdFcd
)]
.
(26)
The conservation of matter density in the rest frame is
∂ρ
(1)
m
∂t
+ ρ(0)m ∇ · ~v(1) = 0 . (27)
In the comoving frame, the electric field (E(0)), the
velocity of the plasma (~v (0)), and the current density
(~j (0)) disappear. Therefore, the conservation equation
for the energy-matter density, when the terms of higher
order are negligible, is given by
∂p(1)
∂t
+ Γp(0)∇ · ~v(1) = 0 . (28)
In the nonrelativistic limit when the internal energy is
negligible with respect to the rest-mass energy (p  µ),
Eq. (28) reduces to Eq. (27).
The momentum conservation equation in the comovel
frame can be determined by
(
µ(0) + p(0)
)∂~v(1)
∂t
+∇p(1) = ~j(1) × ~B(0) . (29)
To complete the set of equations describing the elec-
tromagnetic field in the ideal MHD approximation, it is
necessary to calculate the Ohm law. That is,
me
nne2
∂~j
∂t
− 1
nne
∇ · Pe = ~E + ~v × ~B − 1
nne
[~j × ~B]− 1
σ
~j .
(30)
Considering the very conductive plasma (σ →∞), the
quasineutrality condition ( ~E(0) = ~j(0) = ρ(0) = 0), colli-
sionless plasma, and without Joule effect (~j · ~E = 0), then
the Hall effect (~j × ~B) and the ∂~j/∂t terms disappear in
the generalized Ohm’s Law. Thus, as in the comoving
frame the plasma velocity is ~v(0) = 0, we can write the
generalized Ohm’s law as
~E(1) = −~v(1) × ~B(0) . (31)
Thereby, we have the closed set of the variables describ-
ing the strongly magnetized plasma, in the ideal MHD
theory, and that is interacting with the GWs emitted by
BNSs.
III. COUPLING GWS TO EMWS
A. GRMHD equations
The set of partial differential equations for the 16 vari-
ables ~B, ~E,~j, ρm, ~v, µ, ρ, p — Eqs. (19, 21, 27, 28, 29,
731) — describing the relativistic and strongly magnetized
MHD plasma that is coupled to the GWs generated by
the evolving binary system, in a Gaussian system with
c = 1, is [68, 76]
∇× ~E(1) + ∂
~B(1)
∂t
= −~j(1)B , (32)
∇× ~B(1) − ∂
~E(1)
∂t
= 4pi~j(1) +~j
(1)
E , (33)
∇ · ~E(1) = 4piρ(1) , (34)
∇ · ~B(1) = 0 , (35)
∂p(1)
∂t
+ Γp(0)∇ · ~v(1) = 0 , (36)
∇p(1) = c2s∇µ(1) , (37)
∂ρ
(1)
m
∂t
+ ρ(0)m ∇ · ~v(1) = 0 , (38)(
µ(0) + p(0)
)∂~v(1)
∂t
+∇p(1) = ~j(1) × ~B(0) , (39)
~E(1) = −~v(1) × ~B(0) , (40)
where the gravitationally induced current densities are
~j
(1)
B = −
B
(0)
x
2
∂
∂t
h+h×
0
 , (41)
~j
(1)
E =
B
(0)
x
2
∂
∂z
 h×−h+
0
 . (42)
The matter density and relativistic enthalpy are, re-
spectively,
µ(0) = ρ(0)m +
p(0)
Γ− 1 , (43)
w(0) = µ(0) + p(0) . (44)
B. Dispersion relation
The differential equations are calculated for the
strongly magnetized plasma with background magnetic
field B(0)(x, z), oriented in the x−z plane and forming a
θ angle with the z-axis. The GW amplitudes h×,+(z, t)
propagate along the z-axis (see Fig. 1).
We are interested in the scenario where the GWs and
the MHD waves are in coherence, i.e., when they have
the same propagation direction, frequency, and the phase
difference remains constant. This means that they must
have very close phase velocities. In this way, the waves
may interact through constructive or destructive inter-
ference and so they can exchange energy.
FIG. 1. The background magnetic field forms the θ angle
with the GW vector that is in the z-direction. There is no
loss of generality with this choice.
Taking the second time derivative of Eq. (39), elimi-
nating p(1) by the use of Eq. (36) and ~B (1) with the aid
of Eqs. (32-33), then using Eq. (34) to eliminate ~E (1),
after that using the expressions for ~j
(1)
E and
~j
(1)
B , we can
obtain the plasma perturbation wave equation in terms
of the velocity ~v (1)(z, t) of the perturbations. That is,
(
∂2
∂t2
− u2m∇∇ ·
)
~v(1) −
[
~uA
∂2
∂t2
− (~uA · ∇)∇
]
~v(1) · ~uA
= (~uA · ∇)2~v(1) − ~uA(~uA · ∇)(∇ · ~v(1)) + 1√
4piωtot
[
∇(~uA ·~j(1)B )−
∂
∂t
(~j
(1)
E × ~uA)− (~uA · ∇)~j(1)B
]
,
(45)
where the relativistic Alfve´n velocities for a noncom- pressional (shear Alfve´n) wave, uA, and for a magne-
8toacoustic wave, um (with magnetic enthalpy, that cor-
responds to mechanical and magnetic pressures, ωtot =
w(0) + | ~B(0)|2/(4pi)), are, respectively, defined as
u2A =
| ~B(0)|2
4piωtot
, (46)
u2m =
Γp(0)
ωtot
+
| ~B(0)|2
4piωtot
. (47)
Equation (45) is calculated algebraically in the Fourier
space. By applying the Fourier transform with respect to
time and spatial parts, where ω and k are the frequency
and the wave vector of the MHD modes, respectively, and
using the following definitions:
~B(0) = B(0)x xˆ+B
(0)
z zˆ , (48)
~uA = uA⊥ xˆ+ uA‖ zˆ , (49)
~v(1)(z, t) = v(1)x (z, t)xˆ+ v
(1)
y (z, t)yˆ + v
(1)
z (z, t)zˆ , (50)
we can obtain the dispersion relation
ω2(1− u2A⊥)− k2u2A‖ 0 −(ω2 − k2)uA‖uA⊥0 ω2 − k2u2A‖ 0
−(ω2 − k2)uA‖uA⊥ 0 ω2(1− u2A‖)− k2(u2m − u2A‖)
~v(1) = −uA⊥ωk
 uA‖h+uA‖h×
−uA⊥h+
 . (51)
Equation (51) can be represented as D~v (1) = J
(1)
GW .
The left side is purely magnetohydrodynamics. It de-
scribes the behavior of the plasma through the Alfve´n
and magnetosonic modes. The right side is purely gravi-
tational and this term excites the plasma parameters and
its respective modes.
The amplitudes h+,× on the Fourier space are the
source terms and they depend on the evolutionary stage
of the binary system. In [76], it was used an impulse
function as δ(ω−ωGW ) ∝ F{h+,×eiωGW (z−t)}(ω) to con-
sider only the instant immediately before the merger. In
[68], it was used a waveform that reproduces the inspiral
phase until instants before the merger as represented by
Eqs. (6a)-(6b).
The homogeneous solution of Eq. (51) is obtained when
the gravitational source is turned off (h+,× = 0). Thus,
it is necessary to calculate the determinant of the D−1-
matrix, where
D−1 =

ω2(u2A‖−1)−k2(u2m−u2A‖)
Λ 0
(ω2−k2)uA‖uA⊥
Λ
0 1
ω2−k2u2
A‖
0
(ω2−k2)uA‖uA⊥
Λ 0
ω2(1−u2A⊥)−k2u2A‖
Λ
 . (52)
Denominating the determinant of D−1 as Λ(ω, k), we
have
Λ(ω, k) = u2A‖c
2
sk
4 (53)
+ ω2
[
(u2A⊥ − 1)u2m + u2A‖u2A
]
k2 − ω4(u2A − 1) ,
or in terms of the eigenvalues
Λ(k, ω) = (1− u2A)(ω2 − k2u2s)(ω2 − k2u2f ) . (54)
The homogeneous solutions are
ω = ±kAuA‖ , (55)
ω = ±ks,f√
2
√(
u2m + c
2
s
u2A‖
1− u2A
)√
1±
√
(1− σ) . (56)
The auxiliary parameter σ(θ) in Eq. (56) is given by
σ(θ) ≡ 4c2s
u2A‖
1− u2A
(
u2m + c
2
s
u2A‖
1− u2A
)−2
, (57)
where our expression differs by the factor 1/(1 − u2A) of
that obtained by [76].
As expected, the perturbations produce shear Alfve´n
waves (AW) and compressional magnetosonic waves
(MSW). The solutions given in Eqs. (55) and (56) rep-
resent 6 equations describing the excitation modes of
the plasma. The negative sign inside the square root
of Eq. (56) refers to the slow MSW with phase velocity
us = ω/ks. The positive sign refers to the fast MSW
with phase velocity uf = ω/kf . The equations for uf
and us are represented by
9u2f,s = cs
uA‖√
1− u2A
(
1±√1− σ√
σ
)
. (58)
Seeing that the D−1-matrix is inverse, the solutions for
the nonhomogeneous linear system are given by v
(1)
α =(
D−1 ~J (1)GW
)
α
.
We can see that the AW mode is excited by GW po-
larization h×, while the MSW mode couples to the GW
polarization h+.
C. Comoving frame
The equations presented above are written in the
proper frame. Hence, the results obtained are related
to the frames moving with the plasma velocity around
of the compact binary. Considering the plasma frozen in
the magnetic field lines, the plasma velocity is the same
of the stars, as represented in Eq. (11).
1. Alfve´n waves
The D−1yy component couples to the ×-polarization
and excites Alfve´n waves (AWs). Calculating vy =
D−1yy J
(1)
GWyy
with D−1 from Eq. (52), we have
v(1)y (k, ω) = −h×(ωGW )
uA‖uA⊥
ω2 − k2u2A‖
ωk . (59)
The perturbed velocity is along the y-axis, perpendicu-
lar to the background magnetic field of the binary system
(v
(1)
y ⊥ ~B (0)). This defines the Alfve´n velocity and its
direction as v
(1)
y ⊥ ~kA. The velocity propagation of the
Alfve´n wave is high when the background magnetic field
is parallel to the z-axis and, considering the phase veloc-
ity, we have ω/kA = uA‖ = uA cos θ.
The velocity vy(k, ω) depends explicitly on the polar-
ization state h×(ωGW ) and on the MHD wave frequency.
The perturbed magnetic field (B
(1)
y ), perturbed electric
fields (E
(1)
z and E
(1)
x ) and other plasma quantities (j
(1)
x ,
j
(1)
z and ρ(1)) are calculated by
−E
(1)
z (k, ω)
B
(0)
x
=
E
(1)
x (k, ω)
B
(0)
z
= −v(1)y (k, ω) , (60a)
B(1)y (k, ω) = −v(1)y (k, ω)
B
(0)
x
uA‖uA⊥
ω2 + k2u2A‖
2ωk
, (60b)
j(1)x (k, ω) = −
iω
4pi
1− u2A‖
u2A‖
E(1)x (k, ω) , (60c)
j(1)z (k, ω) =
iω
4pi
E(1)z (k, ω) , (60d)
ρ(1)(k, ω) =
ik
4pi
E(1)z (k, ω) . (60e)
The directions of the perturbed electromagnetic fields
and other physical parameters are shown in Fig. 2. The
interaction is more efficient when the wave number (kA)
of the AW is parallel to the wave number (kGW ) of the
GWs, or when the background magnetic field is parallel
to the GW direction, that corresponds to θ → 0. In this
case, the Alfve´n phase velocity is maximum while the z-
component of the electric field (E
(1)
z ) and the magnetic
field B
(1)
y become both null. This result is expected and
it was also obtained in studies developed by [73, 74].
FIG. 2. The background magnetic field is in the x− z plane
and does the θ angle with the GW direction. The polar-
ization h× excites the plasma, producing oscillations in the
electromagnetic fields (E
(1)
z , E
(1)
x and B
(1)
y ). The oscillations
produce shear in the magnetic field lines; this is the Alfve´n
mode [91].
Because the AW is not compressional, it does not pro-
duce perturbations in the pressure p(0) and matter den-
sity ρ
(0)
m . Therefore, it makes no sense to calculate p(1)
and ρ
(1)
m . On the other hand, the Alfve´n waves change
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the neutrality state of the plasma and so producing cur-
rent densities, j
(1)
x and j
(1)
z , which are modified as the
coalescence evolves. Moreover, the AW produces shear
in the background magnetic field lines. See also, using
Eq. (60b) that the perturbed field lines are perpendicu-
lar to B
(0)
x during the oscillation, [91].
2. Magnetoacoustic waves
It is expected that the h+ and h× excite slow and fast
MSW in the plasma. Using vx = D
−1
xx J
(1)
GWxx
+D−1xz J
(1)
GWzz
and vz = D
−1
zx J
(1)
GWxx
+D−1zz J
(1)
GWzz
to calculate the other
velocity components, we have
v(1)z (k, ω) =
h+(ωGW )ω
3ku2A⊥
(ω2 − k2u2f )(ω2 − k2u2s)
, (61)
v(1)x (k, ω) = −
vz(k, ω)
tan θ
[
1− c
2
sk
2
ω2(1− u2A)
]
, (62)
where tan θ = uA⊥/uA‖ by definition of the Alfve´n veloc-
ity. We observe that Eq. (62) differs by a factor 1/(1−u2A)
from that obtained by [76].
The perturbed plasma velocities for the MSW,
Eqs. (61) and (62), are parallel to the background mag-
netic field (v
(1)
x,z ‖ ~B(0)). The GW polarization h+ is mod-
ified as the coalescence evolves, and, as a consequence, it
perturbs the plasma velocity and induces oscillations in
the x − z plane. By the condition expressed through
Eq. (35), the perturbation of the magnetic field is or-
thogonal to the direction of the plasma oscillations. The
perturbed magnetic field B
(1)
x is
B
(1)
x (k, ω)
B(0)
= v(1)z (ω, k) sin θ − v(1)x (ω, k) cos θ
− ω
ω + k
1− u2A
u2A
v
(1)
x (ω, k)
cos θ
. (63)
The MSW is an electromagnetic and compressional
wave because B
(1)
x is in the plane of the background mag-
netic field. The density of the magnetic field lines in-
creases with the wave propagation, and, considering that
the charged matter is frozen in these lines, we see as a
result the increase in both pressure and matter density.
The perturbed electric field (E
(1)
y ), the perturbed me-
chanical pressure (p(1) and µ(1)), and the current density
(j
(1)
y ) are calculated as
p(1)(k, ω) =
k
ω
Γp(0)v(1)z (ω, k) , (64a)
µ(1)(k, ω) =
p(1)
c2s
, (64b)
E(1)y (k, ω) = −v(1)z (ω, k)B(0)x + v(1)x (ω, k)B(0)z , (64c)
j(1)y (k, ω) = −
iω
B(0) cos θ
Γp(0)
c2s
v(1)x (ω, k) , (64d)
since that Γ is the adiabatic polytropic index and, re-
membering when necessary, u2fu
2
s = (c
2
su
2
A‖)/[(1 − u2A)]
and u2f + u
2
s = u
2
m + c
2
su
2
A‖/(1− u2A).
The directions of the perturbed electromagnetic fields
and other physical parameters are shown in Fig. 3. The
GW-MSW interaction is more efficient when θ → pi/2,
this is because of v
(1)
z and B
(1)
x being dependent on sin θ.
The MSW phase velocity is calculated by Eq. (56). Usu-
ally, cs  c and the parameter σ → 0 in Eq. (57).
The slow MSW phase velocity is null [see Eq. (56)]
and, independent of θ value, the fast MSW phase velocity
produces uf → uA. If uA in the strongly magnetized
plasma reaches the value of c, then the fast MSW and
the GW can be in coherence, and so it would be possible
to transfer a large quantity of energy from the GWs to
the plasma.
The constraint on the coherence of the waves is pre-
served because ∇ · ~B(1) = 0 and ~kf · ~uA = 0. Thus, the
fast MSW is incompressible and it is able to maintain co-
herence with the GW (see, e.g. [95]). See that for θ = 0◦,
we have v
(1)
z = v
(1)
x = 0 and, hence, B
(1)
x = 0.
The charged matter density is absent in the set of per-
turbed quantities shown in Eqs. (64), because it is not
perturbed by the propagation of the magnetoacoustic
wave.
D. Rest frame
The equations obtained in the last section are in the
comoving frame. However, we must consider the rest
energy of the stars when we calculate the energy stored
in the plasma by GWs generated through the evolution
of the binary system. To do this, we need to apply the
Lorentz transformation in order to place the equations in
the laboratory frame. Consider that the relativistic wind
flows in the z-direction (in fact, there is no difference if
we choose another direction for the boost).
The Lorentz factor is given by γ = 1/(1−β2)1/2 while
the β parameter can be calculated by adding two compo-
nents. The first component is the velocity of the plasma
that is distributed around the NS binary [see Eq. (11)].
The second component is the perturbed velocity v
(1)
z ob-
tained through interaction with the GWs [see Eq. (61)].
The plasma is frozen in the magnetic field lines, conse-
quently, the plasma velocity has the same velocity as the
stars that move in the binary system.
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FIG. 3. The background magnetic field is on the x − z
plane and making a θ angle with the GW direction. The
polarization h+ excites the plasma, producing oscillations in
the electromagnetic fields (E
(1)
y and B
(1)
x ). The oscillations
produce compression of the magnetic field lines. This is the
magnetoacoustic mode [91].
The perturbed variables are in the frequency domain
and so we can proceed in two ways: either the Lorentz
transformation is directly applied for the variables in the
frequency domain or the parameters of the plasma are
converted for the time domain by the Inverse Fourier
Transform (IFT) and we apply the Lorentz transforma-
tion for returning to the frequency domain. This paper
follows the last one; thereby, the interpretation of the
variables in the time domain is easier than the first case.
The MHD phase velocities transform like u
′
A⊥ =
uA⊥/[γ(1 − βuA‖)], u
′
A‖ = (uA‖ − β)/(1 − βuA‖), u
′
f =
(uf − β)/(1− βuf ), and u′s = (us − β)/(1− βus). From
now on, the quantities in the comoving frame are repre-
sented with prime (′). The boosted velocities associated
with the plasma perturbations are given by v
′
z ≈ γ2vz
and v
′
x,y ≈ γvx,y.
The Lorentz transformations for the electromagnetic
fields are given by Ex = γ(E
′
x+βB
′
y), Ey = γ(E
′
y−βB
′
x),
Ez = E
′
z, Bx = γ(B
′
x − βE
′
y), By = γ(B
′
y + βE
′
x),
and Bz = B
′
z. For an ultrarelativistic plasma, we
have β → 1. Thus, the Lorentz transformation
produces Bx ≈ Ey and By ≈ Ex. Thereby, the
electromagnetic energy integral
∫
(|B(1)x |2/(2µ0) +
2|E(1)y |20)d3k '
∫
2|B(1)x |2/(2µ0)d3k or∫
(|B(1)y |2/(2µ0) + 2|E(1)x |20)d3k '
∫
2|B(1)y |2/(2µ0)d3k.
In the rest frame, the background magnetic field is
rewritten as ~B(0) = (γB
(0)′
x , 0, B
(0)′
z ). Thus, in the labo-
ratory frame, in addition to the poloidal component for
the magnetic field, the toroidal component also appears.
A part of this behavior can be seen in the simulations
developed by [64, 96].
Note that the background electric field does not van-
ish in the laboratory frame and it has value ~E(0) =
(0,−βγB(0)′x , 0). The charge and current densities are
boosted in the z-direction. They are determined by
ρ(1) = γ(ρ(1)
′
+ βj
(1)′
z ), j
(1)
z = γ(βρ(1)
′
+ j
(1)′
z ), j
(1)
x =
j
(1)′
x , and j
(1)
y = j
(1)′
y . Close to the merger and in the
ultrarelativistic regime (β → 1), we have ρ(1)(k, ω) ≈
j
(1)
z (k, ω).
1. Relativistic Alfve´n waves
For the Alfve´n mode, the velocity of the perturbation
coupled with the GWs in the rest frame is given by
v(1)y (k, ω) = −
h×(ωGW )
2γ2
ωuA⊥
(1− βuA‖)
ω + kuA‖
ω2 − k2u2A‖
. (65)
See that v
(1)
y (k, ω) remains in the same y-direction and
that it depends on the velocity of the stars and Alfve´n
phase velocity due to the term (1 − β2)/(1 − βuA‖/c)
(with c explicitly placed in the expression).
For θ → 0, the perturbed velocity in the rest frame re-
turns to the expression of the comovel frame. However,
the perturbed magnetic field decreases, see Eq. (66) be-
low, with this coherence condition. In general, for other
θ values, we have (1− β2)/(1− βuA‖/c) < 1.
The component of the perturbed magnetic field stays
~B(1) = (0, B
(1)
y , 0) and B
(1)
y is given by
B(1)y (k, ω) =
h×(ωGW )B
(0)
x
2(1− βuA‖)
ω2 + k2u2A‖
ω2 − k2u2A‖
. (66)
The components of the perturbed electric field stay
~E(1) = (E
(1)
x , 0, E
(1)
z ) where the expressions for ~E
(1)
x,z are
E(1)z (k, ω) = γ
2B(0)x v
(1)
y (k, ω) , (67a)
E(1)x (k, ω) = γ[βB
(1)′
y − γB(0)z v(1)y (k, ω)] . (67b)
Note that during the binary coalescence, the compo-
nents of the electric field increase, on turn, the current
densities in these directions also increase, mainly, the per-
turbed electric field and current density associated to the
x-components. The charge ρ(1) and current densities j
(1)
z
and j
(1)
x are given, respectively, by
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ρ(1)(k, ω) =
iγ2
4pi
E
(1)
z
uA‖ − β
[
uA‖(k + βω)− β(ku2A‖ + βω)
]
(68a)
j(1)z (k, ω) =
iγ2
4pi
E
(1)
z
uA‖ − β
[
uA‖(βk + ω)− β(βku2A‖ + ω)
]
(68b)
j(1)x (k, ω) =
−iωγ2
4pi
[
(1− βuA‖)2
(uA‖ − β)2
− 1
]
× [E(1)x (k, ω)− βB(1)y (k, ω)] . (68c)
The directions of the perturbed electromagnetic field
components remain the same as shown in Fig. 2. The
y-component of the background electric field appears due
to the boost. It was added to the term B
(1)′
y in the x-
component of the perturbed electric field according to
Eq. (67b). For β → 0, Eqs. (66), (67), and (68) return
to those written in the proper frame.
Note that the perturbed magnetic field has maximum
value when θ = pi/2 and the other plasma parameters
also increases with sin(θ). On the other hand, the Alfve´n
phase velocity increases with cos(θ). Close to the merger,
the plasma is ultrarelativistic, i.e., uA → 1 (c = 1). This
coherence condition is established if θ → 0.
However, in this condition, the perturbed plasma pa-
rameters become small and this causes the associated
energy to reach low values, even with the increase in the
frequency and amplitude of the GWs.
The Alfve´n wave mode is not the more efficient MHD
mode to interact with the GWs, considering that GW
phase velocity remains near to the speed of light when
crossing the region where the plasma is distributed [78].
2. Relativistic magnetosonic waves
For the magnetoacoustic mode, the perturbed veloci-
ties coupled to the GWs are
v(1)z (k, ω) =
h+
2γ2
ωu2A⊥
(1− βuA‖)2
(1− βuf )(1− βus)
(uf − us)
[
(uf + us)(1 + β2)− 2β(1 + ufus)
] ·{uf (1− βus)[ufk(1− βuf ) + ω(uf − β)
ω2 − k2u2f
]
−us(1− βuf )
[
usk(1− βus) + ω(us − β)
ω2 − k2u2s
]}
, (69a)
v(1)x (k, ω) = −
h+
2
ωuA⊥(uA‖ − β)c2s
1− u2A
(1− βuf )2(1− βus)2
(uf − us)
[
(uf + us)(1 + β2)− 2β(1 + ufus)
] ·{ 1− βus
(us − β)2us
[usk(1− βus) + ω(us − β)]
ω2 − k2u2s
− 1− βuf
(uf − β)2uf
[ufk(1− βuf ) + ω(uf − β)]
ω2 − k2u2f
}
− γ2
(
uA‖ − β
uA⊥
)
v(1)z (k, ω) , (69b)
where tan θ′ = uA⊥
′/uA‖
′ = uA⊥/[γ(uA‖ − β)] and 1 −
uA
2′ = (1− u2A)/[γ2(1− βuA‖)2].
At this point, we need to be more careful because the
magnetic B
(1)
x field component is the biggest and several
steps are needed to obtain the final equation. First, the
boosted expression is Bx = γ
[
Bx
′ − βEy ′
]
and the right
side terms are given by
E(1)y (k, ω) = −v(1)z (ω, k)B(0)x + v(1)x (ω, k)B(0)z , (70a)
B
(1)
x (k, ω)
B(0)
= v(1)z (ω, k) sin θ − v(1)x (ω, k) cos θ −
ω
ω + k
1− u2A
u2A
v
(1)
x (ω, k)
cos θ
, (70b)
where the prime (′) is hidden to avoid mess. The expres-
sion for E
(1)
y results in
E(1)y (k, ω) = −
[
B(1)x (k, ω) +
ω
ω + k
1− u2A
u2A
B(0)
cos θ
v(1)x
]
.
(71)
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Using the Laplace transformation in the z − t space,
we have
E(1)y (z, t) =−
[
B(1)x (z, t)
+
1− u2A
u2A
B(0)
cos θ
L−1
{
ω
ω + k
v(1)x (k, ω)
}]
. (72)
Defining vˆ
(1)
x (z, t) = L−1
{
ω/(ω + k)v
(1)
x (k, ω)
}
and
returning the prime (′), we obtain
E(1)
′
y (z, t) = −
[
B(1)
′
x (z, t) +
1− u2 ′A
u2A
′
B(0)
′
cos θ′
vˆ(1)
′
x (z, t)
]
.
(73)
Now, returning to the expression Bx = γ
[
Bx
′ − βEy ′
]
and using Eq. (73), we find
B(1)x (z, t) = γ
[
B(1)x
′
(z, t)(1+β)+
β
γ
1− u2A
(uA‖ − β)2
B(0)z vˆ
(1) ′
x (z, t)
]
.
(74)
Finally, using Eqs. (70b) and (73) in the Fourier space,
we obtain the perturbed magnetic field for the MSW as
B(1)x (k, ω) = −
h+
2γ2
ω(1− βuf )2(1− βus)2
(uf − us)
[
(uf + us)(1 + β2)− 2β(1 + ufus)
][Ξ(k, ω) + Π(k, ω)] . (75)
The expressions for Ξ(k, ω) and Π(k, ω) are in the A.
The term Ξ(k, ω) becomes relevant when the GW prop-
agates perpendicular to the background magnetic field
(θ = pi/2). For this condition, the term Π(k, ω) becomes
less relevant. The opposite occurs when θ = 0.
The components of the perturbed electric field stay
~E(1) = (0, E
(1)
y , 0), where the expression for E
(1)
y is
E(1)y (k, ω) = γ[E
(1)′
y (k, ω)− βB(1)
′
x (k, ω)] . (76)
The directions of the perturbed electromagnetic field
components remain the same as shown in Fig. 3. We
only added the term B
(1)′
x in the y-component of the
perturbed electric field.
The mechanical pressure and the current density in the
rest frame are, respectively, given by
p(1)(k, ω) =
kuf
ω
γ(1− βuf )
uf − β Γp
(0)γ2v(1)z (k, ω) (77a)
j(1)y (k, ω) =
−iωγ2
B
(0)
z
Γp(0)
c2s
v(1)x (k, ω) (77b)
For β → 0, Eqs. (75), (76), and (77) return to the
proper frame.
According to Eq. (56), with cs  c, the fast MSW
phase velocity uf → c and the slow MSW phase velocity
us → 0. These results are independent of θ. Therefore,
the fast MSW mode is more efficient than the slow MSW
mode for interacting coherently with the GWs. While
the binary stars coalesce, the perturbed magnetic field
B
(1)
x increases with the resonant interaction, and so the
toroidal magnetic field component also increases.
The electric field produces a current density in the y-
direction. In the last topic above, we show that j
(1)
x in-
creases with the inspiral phase. Thereby, in the x − y
plane, arises a current density responsible for produc-
ing a magnetic field component in the z-direction. This
new magnetic component is parallel to the poloidal back-
ground magnetic field of the compact binaries. This be-
havior is also found in [64, 96].
From now on, we return to the international system
of units (SI) with the necessary changes in the MHD
equations. The main replacement rules for translating
the equations from Gaussian to SI are: ~E → √4pi0 ~E,
(ρ,~j)→ 1/√4pi0 (ρ,~j), and ~B →
√
4pi/µ0 ~B.
IV. STORED ENERGY BY THE COUPLING
In this section we will assess how the energy is trans-
ferred from GWs to EMWs during the inspiral phase
down to the merger. The NSs produce a wind composed
by electron-positron pairs and also a plasma satisfying
the ideal MHD theory. This plasma is filling in the space
up to large distances.
We estimate the magnitude of the MHD energy modes
excited by the amplitudes of the GWs and including
the evolution of the perturbed magnetic field and of the
plasma velocities. The stars have an initial magnetic
field, in the comoving frame, that is anchored in the po-
lar caps of each star. It evolves as a dipole, that is,
B(r) = B?(R?/r)
3, where B? and R? are parameters on
the surface of the stars [97–99].
The NSs orbit each other with their magnetic fields.
The maximum of the magnetic field of the system re-
mains nearly constant up to ∼ 3 ms before the merger
(see, e.g., [64]). However, it decreases with the distance
as a magnetic dipole [96].
We consider that the magnetic dipole moments (µ =
B?R
3
?) are aligned with the orbital angular momentum
during the evolution of the system. In [59], the authors
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consider three different configurations of the magnetic
moments with respect to the orbital angular momen-
tum. The configurations are parallel, antiparallel with
the same moments µ, and parallel with different mag-
netic moments (in this last case, µ1 = 100µ2). The au-
thors find that the antiparallel case is significantly more
radiative than the other cases, especially in the late stage
of the coalescence.
The accelerated motion of the NSs induces a wind that
is corotating with the stars. In the MHD approximation,
the plasma is frozen in the magnetic field lines and is
forced to high velocities. The radius at which the tan-
gential linear velocity is equal to c is the light cylinder
radius given by RLC = c/Ω [99, 100], being Ω the or-
bital frequency of the system. The magnetosphere of the
BNSs extends up to RLC , and for greater distances the
wind is free of forces.
The morphology of the wind is determined by the mag-
netic field geometry, since the charged particles are frozen
in the magnetic field lines. The charged matter density
is calculated by the Goldreich-Julian density [80]:
nGJ =
20
|e|
~Ω · ~B , (78)
where 0 is the vacuum permittivity, e is the elementary
charge, and B corresponds to the background magnetic
field.
For the canonical binary system close to the merger,
we have Ω = fGW /2 = 750 Hz. Considering B = 10
8 T,
we have nGJ ∼ 1019 m−3. Far from the stars, the mag-
netic field lines start to open and the particles flow out,
unbalancing the Goldreich-Julian density. As a result, a
strong electric field appears to the longitudinal direction
and the “primary” charged particles can flow out from
the star surface with high Lorentz factor (γp ∼ 107).
Due to the geometry of the magnetic field lines and
to the inverse Compton scattering [101, 102], a cascade
effect is created. As a consequence, “secondary” e± pairs
are produced with typical density ns = Mnp, where M is
the so-called “multiplicity factor”. By the energy conser-
vation, the Lorentz factor of the “second” particle gen-
eration is γs = γp/M and it can reach values γs ∼ 102
[103].
Based on the above discussion, the morphology of the
BNS magnetosphere is determined by the dipolar mag-
netic field and it extends up to the light cylinder radius.
Thus, the GWs generated by the stars during coalescence
excite the plasma. As a consequence, electric currents are
generated.
The plasma perturbation produces the MHD modes
and the GW-EMW interaction in the vacuum, or in a
medium, is more efficient when the phase velocities of the
waves (GWs and EMWs) are in coherence. We calculate
the electromagnetic energy excited by the interaction us-
ing Parseval’s Theorem. The electromagnetic field stores
a quantity of energy which can be calculated as [92]
W (B) =
∫
<~r
|B(~r)|2
2µ0
d3r =
∫
<~k
∣∣∣B(~k)∣∣∣2
2µ0
d3k , (79)
where µ0 is the vacuum permeability and the magnetic
field spectral density is evaluated over the entire fre-
quency region R~k.
For the Alfve´n mode, the perturbed magnetic field in
the frequency domain, see Eq. (66), and in units of SI is
B(1)y (k, ω) =
h×(ωGW )B
(0)
x c
2(1− βuA‖/c)
ω2 + k2u2A‖
ω2 − k2u2A‖
. (80)
Thus, the integral in Eq. (79) can be calculated by
considering a wave number sphere of radius in the range
[0, k]. The volume element in the frequency domain is
d3k = 4pik2dk and we have for the electromagnetic energy
of the Alfve´n wave the following result:
W
(B)
AW =
∣∣∣∣∣ B
(0)2
x h2×pic
2
2µ0(1− βuA‖/c)2
(
ωAW
uA‖
)3
×
{
1
3
+
2ω2
ω2AW
(
2 +
ω2
ω2 − ω2AW
)
− 6ω
3
ωAW
tanh−1
(ωAW
ω
)}∣∣∣∣∣ . (81)
Observe that the electromagnetic energy of the GW-
EMW interaction depends on the following physical pa-
rameters: the GW amplitudes, the GW-EMW frequen-
cies, the background magnetic field vector, the Alfve´n
phase velocity, and the β factor in the rest frame. See
that β is the sum of the velocity of the stars with the
velocity of the perturbed plasma.
For the magnetosonic mode, we need to simplify the
expression of the perturbed magnetic field [see Eq. (75)].
Consider the phase velocities uf,s [see Eq. (58)] in the
ultrarelativistic limit, where uA → c. As discussed previ-
ously, the phase velocity of the slow magnetosonic mode
is us → 0. On the other hand, the fast magnetosonic
mode can be in coherence with the GWs, where u2f ≈ u2A,
when cs  c.
Taking uA‖ = uA cos(θ) and uA⊥ = uA sin(θ), we ob-
tain to the perturbed magnetic field in the frequency do-
main
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B(1)x '
h+B
(0)
2c(1− β)γ4
ω
(k2u2A − ω2)
(
1− βuAc
)
(β2uA + uA − 2βc) [βc− uA cos(θ)]2 [c− βuA cos(θ)]2
×
{
(1− β)βγω cos(θ) (c2 − u2A) (uA − βc) [uA − uA cos(θ)] [ (β2 + 1) cuA[cos(θ) + 1]− 2β [u2A cos(θ) + c2] ]
− sin(θ)
[
2β2c3
{
γ2kuA (c− βuA) [βc− uA cos(θ)]2 + ω (uA − βc)
[
γ2 [c− βuA cos(θ)]2 − u2A sin2(θ)
]}
+ c [βc− uA cos(θ)]2
{
kuA (c− βuA)
[
γ2 [βc− uA cos(θ)]2 + u2A sin2(θ)
]
+ γ2ω (uA − βc) [c− βuA cos(θ)]2
}]}
.
(82)
By doing θ = pi/2 in Eq. (82), we retrieve the equation
for the magnetosonic mode seen earlier in which the prop-
agation of the GWs is perpendicular to the background
magnetic field. So, for θ = pi/2 we obtain
B(1)x (k, ω) =
h+B
(0)
2(β − 1)c2γ4
ω
(ω2 − k2u2A)
(1− βuA/c)
(β2uA + uA − 2βc)
×
{
3c2γ2
[−uA (β2ck + ω)+ β3ku2A + βcω]+ u2A [uA (βkuA + 2ω)− c (kuA + 2βω)]} . (83)
Integrating Eq. (82) over all frequency space k2dk, we obtain the electromagnetic energy excited by GW-fast
MSW interaction. This result is
W
(B)
MSW =
∣∣∣∣∣pih2+B
(0)2
x
32µ0uA
ω2
(ω2 − ω2MSW )
(1− β)2(β + 1)4 [4 cos(θ)− β2 cos(2θ) + β2 − 8]2
(1− u2A cos(θ)/c)4
∣∣∣∣∣
×
∣∣∣∣{4ω3MSW − 6ωMSWω2 + ω(ω2 − ω2MSW ) [−7 log(ωMSW − ω) + 7 log(ωMSW + ω)− 8 tanh−1 (ωMSWω )]
}∣∣∣∣ ,
(84)
where we used γ = 1/(1− β2)1/2 and ωMSW = kuf .
For energy functions on real domains, we verify that
the terms 1/(ω2(AW,MSW ) − ω2), tanh−1(ω(AW,MSW )/ω),
and log(ω2(AW,MSW ) − ω2) go to infinity when the GWs
and the AWs have the same frequency ω(AW,MSW )−ω →
0.
The wave interactions are most efficient when they
are in coherence (resonant) [73, 74, 78]. Therefore, we
will do the analysis taking into account the condition
ω(AW,MSW ) − ω = ∆ω → 0 during the inspiral phase of
the system.
Concerning to the θ angle, if θ → 0, then both the per-
turbed magnetic field and the perturbed electromagnetic
energy vanish. This result is expected because when the
background magnetic field is parallel to the GW propa-
gation, there is no coupling between GWs and EMWs.
In this case, the GW propagates in the same direction
of ~B(0) and so no electrical current is produced in the
plasma [73, 74, 78, 95].
In order to apply our formalism, we consider two cases
for calculating the electromagnetic energy: the simula-
tions developed by [64] and the event GW170817 [104]
where, with our results, a comparison can be made with
its electromagnetic counterpart, that is, the associated
GRB170817A [105].
Table I shows a short summary on the initial conditions
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of the simulations developed by [64] and the physical pa-
rameters inferred from the detection of GW170817. It
has been also included in the Table the initial conditions
that we apply to the equations of our formalism devel-
oped in Sec. II.
We consider that the magnetic field on the surface of
the stars associated with GW170817 was 108 T. This is
considered a realistic value for NSs [59, 96, 98]. For the
equatorial radius of the NSs, we use 1.36×104 m [64, 98].
TABLE I. The initial conditions based on the simulations
developed by [64] and the source GW170817 [104]. The values
for the parameters R0, τ0, fGWISCO and fGW (τ = 2ms) are
the initial conditions obtained from our model.
Physical parameter Simulation GW170817
Total Mass 3.0M 2.73M
Chirp Mass 1.31M 1.186M
B? 10
8 T 108 T
Individual Radius 1.36× 104 m 1.36× 104 m
R0 1.592× 105 m 1.543× 105 m
τ0 1.926 s 2.259 s
fGWISCO 1.465 kHz 1.610 kHz
fGW (τ = 2ms) 1.314 kHz 1.395 kHz
Our strategy consists, firstly, of using the results of the
simulations developed by [64] to “calibrate” the discrete
inverse Fourier transform to be applied for our GRMHD
equations. This allows us to obtain parameters such as,
for example, the Alfve´n velocity value that better repro-
duces the characteristics of these simulations. This pro-
cedure will allow, in the next step, to apply our formal-
ism to the source GW170817. In the case of the Alfve´n
velocity, the comparison with [64] shows that uA ' 0.2 c.
It is important at this point to highlight some aspects
of these simulations. The initial conditions used by [64]
correspond to an initial separation of 4.5×104 m between
the stars (distance measured between the centers of the
two stars). The stars quickly lose angular momentum
through the emission of GWs and after 8 ms of evolution
a hypermassive NS (HMNS) is formed. After ∼ ms, the
HMNS loses angular momentum by collapsing to form a
black hole with mass of ∼ 2.9M.
Regarding our model, we take the frequency of 100 Hz
as the initial one. This allows us to obtain τ0 = 1.926 s
and R0 = 1.592×105 m as indicated in Table I. When τ =
2 ms the GW frequency reaches the value 1.314 kHz while
at ISCO the frequency reaches 1.465 kHz. The emission
of GWs causes the orbit to shrink until the NSs make
contact, consequently the light cylinder radius decreases
(see Fig. 4).
In the limit of quasicircular orbit, we consider the in-
spiral phase until to reach the ISCO at τ = 1.4 ms before
the merger. The simulations in [64] show that the MHD
energy and the toroidal magnetic field have significant
values when τ ≤ 2 ms to the merger (see Fig. 2 of these
authors).
The stars reach high velocities before the merger. The
value of v? can be obtained from Eq. (11) and its relation
FIG. 4. The evolution of the light cylinder radius as a
function of fGW . We consider the inspiral phase from 100 Hz
to 1465.49 Hz (BNSs at ISCO frequency).
with the GW frequency is shown in Fig. 5. Note that
v? is part of the β parameter in the Lorentz factor. We
need to add the perturbed plasma velocity by GW-EMW
interaction with v? in order to obtain β.
FIG. 5. The evolution of v?/c as a function of fGW . It
describes a part of the β parameter in the Lorentz transfor-
mation. The other part is the perturbed plasma velocity that
comes from the interaction GW-EMW.
The amplitude and frequency of the GWs increase as
the inspiral phase evolves. In Fig. 6, we present the h+
and h× polarizations in the time domain and as functions
of the frequency fGW . In Fig. 7, we show how the GW
amplitudes evolve in the frequency domain. The region
of interaction for the characterization of the GWs is de-
scribed by the light cylinder of the system. The ordinate
axis in Fig. 7 represents the amplitude density or a his-
togram of the amplitude over the associated frequencies.
We calculate the physical quantities in the frequency
domain as the equations are more easily worked out in
that domain. Then, we apply the discrete inverse Fourier
transform to obtain the physical quantities in the time
domain. Thereby, the expressions in Sec. III are consid-
ered as discrete functions in relation to the wave frequen-
cies.
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FIG. 6. The evolution of the GW amplitudes (h+ and h×) as
functions of fGW and in the time domain. The waveforms are
calculated on discrete form (see [88]). The red thin line rep-
resents the ×-polarization while the blue thick line represents
the +-polarization.
FIG. 7. The evolution of the GW amplitudes as functions
of fGW and in the frequency domain. The red thin line rep-
resents the ×-polarization while the blue thick line represents
the +-polarization.
The expressions are numerically calculated in the range
of 100 Hz to fGWISCO and in steps of 0.5 Hz in frequency.
Numerical tests show that this frequency step is adequate
to show the behaviors of the functions. The quantities of
interest depend on the GW-EMW frequency as well as
the resonant term given by ωMHD−ωGW = ∆ω → 0. We
use ∆ω = 10−1 Hz as a resonance condition between the
waves. Numerical tests show that this value is adequate
to represent the condition ∆ω → 0.
The gravitational radiation propagates through the
magnetized plasma and the charged particle trajectories
are perturbed. According to equations in the Sec. III,
the plasma velocity increases with the GW amplitude
(see Fig. 8). Moreover the plasma is frozen in the mag-
netic field lines and it is in corotation with the stars.
The total plasma velocity in the laboratory frame is
given by v
(1)
z +v, where v is defined in Eq. (11). In Fig. 9,
we can see the evolution of the β parameter during the
inspiral phase.
Instants before the merger, the plasma reaches veloc-
ity close to the speed of light and so the Lorentz factor
goes to high values. We consider θ = pi/4 for the an-
gle formed between the background magnetic field and
the GW propagation. The phase velocity uf (fast MSW)
does not depend on the θ angle. Additionally, the value
pi/4 is the one that best matches the results obtained by
[64].
FIG. 8. The evolution of the perturbed plasma velocity
(v
(1)
z ) as a function of fGW . The plot is shown from the
frequency of 1 kHz as the interaction becomes more significant
for fGW > 1.314 Hz, that is, 2 ms before the merger.
FIG. 9. The evolution of β in the rest frame as a function
of fGW . The star velocities and the perturbed plasma veloc-
ity due to the GW-EMW interaction are considered in the β
parameter.
From Figs. 8 and 9 it is possible to verify that the GW-
EMW interaction becomes more prevalent for frequencies
fGW > 1.314 kHz, which correspond to τ = 2 ms before
the merger of the stars occurs. This result can be seen
through the simulations developed by [64].
For the Alfve´n mode there is also the component
v
(1)
y (k, ω) for the perturbed plasma velocity. Consider-
ing θ = pi/4, the value for v
(1)
y (k, ω) is slightly higher
than v
(1)
z (k, ω) (see Fig. 10). This happens because the
last one is proportional to sin2(θ) while the first one is
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proportional to sin(θ).
FIG. 10. The evolution of the perturbed plasma velocity in
the y-direction as a function of fGW . The v
(1)
y waveform is
similar to the v
(1)
z .
The composition of the perturbed velocity compo-
nents can not exceed the speed of light. In Fig. 5, the
maximum velocity due to the corotation of the stars
is 1.18 × 108 m s−1 (' 0.395 c). Thus the maximum
velocity due to GW-EMW interaction can not exceed
1.8 × 108m s−1 (' 0.6 c). These limits are respected in
our model.
The simulations developed by [64] show that the max-
imum of the magnetic field in its poloidal and toroidal
components increases significantly around 2 ms before
the merger occurs. In particular, the maximum of the
poloidal component increases by a factor of ∼ 3 while
the maximum of the toroidal component of the magnetic
field, insignificant at the beginning of the inspiral phase,
increases by a factor of ∼ 10 for the merger. That is, the
toroidal component increases from 108 T to 109 T during
the last 2 ms for the merger. In the case of our model,
this corresponds to sweep the band at a frequency of
1.314 kHz (τ = 2 ms) to 1.465 kHz (ISCO).
In our model it is possible to see this effect in two
different ways: either the magnetic field increases directly
or the current densities are responsible for amplifying the
magnetic field. In the first case, B
(1)
x (k, ω) and B
(1)
y (k, ω)
are components of the toroidal magnetic field and they
can reach high values at the coalescence. In the second
case, j
(1)
x (k, ω) and j
(1)
y (k, ω) produce a magnetic field
in the z-direction which is the the poloidal component
while j
(1)
z , that lies in the x−y plane, corresponds to the
toroidal component.
See Eqs. (68) and (77). The current density j
(1)
y ∝
v
(1)
x /B
(0)
z where B
(0)
z = B(0) cos(θ) and v
(1)
x (k, ω) ∝
1/ tan(θ). Thereby, j
(1)
y ∝ (B(0) sin(θ))−1 and it in-
creases when θ → 0. Additionally, see through Eqs. (69)
that v
(1)
x depends on the value of v
(1)
z . Close to the merger
both γ and the component v
(1)
z reach high values (see also
Fig. 8). All of these combinations can increase the value
of j
(1)
y close to the coalescence of the stars.
The current density j
(1)
x (k, ω) has two strong depen-
dencies. The first relates to the term (1−βuA‖)2/(uA‖−
β)2 − 1 which decreases as β increases. Note that in the
ultrarelativistic regime, we have β → 1 and that term is
approaching zero. The second is associated with γ and
the electromagnetic fields E
(1)
x and B
(1)
y which can reach
high values during the merger and, thus, j
(1)
x can increase
in the final stages of evolution of the system.
In summary, the current densities acting on the x− y
plane can contribute to the increase in the value of the
poloidal magnetic field. However, [64] show that the
growth of this component is not as significant until the
merger of the stars occurs. After the merger, and un-
til the collapse of the HMNS produces a black hole, the
initial magnetic field grows as a result of the Kelvin-
Helmholtz instability [106, 107].
On the other hand, the toroidal magnetic field
grows significantly during the coalescence. It is pro-
duced through the quantities j
(1)
z (k, ω), B
(1)
x (k, ω), and
B
(1)
y (k, ω). Note that j
(1)
z increases proportionally to the
perturbed electric field E
(1)
z which in turn is proportional
to the perturbed velocity v
(1)
x (k, ω). Moreover, this cur-
rent density gets very high close to the merger where
β → 1.
The evolution of the maximum for the perturbed mag-
netic fields B
(1)
x and B
(1)
y is shown in Fig. 11. We can see
that these magnetic components increase along the in-
spiral phase growing from 108 T up to 109 T in less than
2 ms. This behavior is similar to that obtained by [64].
Figure 11 is shown for θ = pi/4.
While the NSs orbit each other, gravitational radiation
is emitted and it crosses in the magnetized medium that
surrounds the stars. The plasma is frozen in the magnetic
field lines and it extends up to the light cylinder radius
(∼ 10 times the orbital radius).
The particles of the plasma are submitted for forces
that change their trajectories. Thus, the GWs can excite
the plasma parameters by transferring energy through
that excitation. Equations (81) and (84), written in the
frequency domain, determine the energy for the MHD
modes, respectively, AW and MSW, excited by the GWs.
Considering that the GW propagation direction does
an angle θ = pi/4 with the background magnetic field
then, we can determine the energy transferred for the
plasma during the inspiral phase (from 100 Hz up to
1465 Hz). Figure 12 presents the results for AW and
MSW modes.
Note that the energy magnitudes obtained from
Eqs. (81) and (84) are similar to those found in the simu-
lations of [64]. Furthermore, the electromagnetic energy
increases between two and three orders of magnitude dur-
ing the last 2 ms (∼ 1200−1465 Hz) of the inspiral phase,
a result that can be also seen in the full GRMHD sim-
ulation developed by [64]. As we choose θ = pi/4, the
electromagnetic energy is not the maximum, because of
the term sin2(θ) in the energy equation.
However, for θ = pi/4, we can see the behavior of the
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FIG. 11. The evolution of the maximum for the perturbed
magnetic fields as function of fGW . The upper panel shows
the B
(1)
x amplitude for the magnetosonic mode. The lower
panel shows the B
(1)
y amplitude for the Alfve´n mode. We
consider θ = pi/4 on both panels. The evolution of these
magnetic field components, especially in the last 2 ms of the
inspiral phase, are similar to those obtained from the simula-
tions of [64].
Alfve´n mode in Fig. 12. Although this mode is not fully
in coherence with the GWs, we have for the Alfve´n phase
velocity uA‖ = uA cos(θ) ≈ 0.7 c and this can be under-
stood as “an approximated condition of coherence for the
GW-AW interaction”.
If we choose θ → pi/2, then only the magnetosonic
mode can be considered in the GW-EMW resonant in-
teraction. The Alfve´n phase velocity vanishes and this
MHD mode is not more in coherence with the GWs. We
expect that the maximum for the perturbed magnetic
field and, therefore, the maximum transfer of energy to
occur under resonant conditions. That is, with the waves
in coherence.
Applying θ = pi/2 in Eq. (84), we verify that the
GW-EMW interaction, very close to ISCO, produces ∼
4.5× 1035 J (∼ 4.5× 1042 erg) for the MSW mode. This
result is presented in Fig. 13.
Based on the previous discussions, we are in a posi-
tion to take the properties of the source GW170817 [104],
summarized in Table I, in order to calculate, through our
model, the energy transferred by the GW-EMW interac-
tion.
Figure 14 presents the evolution of the energy (AW
FIG. 12. The evolution of the electromagnetic energy excited
by the GW-EMW interaction as function of fGW . The red
dashed curve represents the energy transferred to the magne-
tosonic mode through the GWs. The blue curve represents
the energy transferred to the Alfve´n mode through the GWs.
The results presented here are similar to those found in the full
GRMHD simulations developed by [64]. We consider θ = pi/4
(see the text).
and MSW modes) and considering θ = pi/4. The coa-
lescence frequency for GW170817 is higher than the first
case studied in this work. However, the evolutions of the
two cases are very similar. The energy transferred to the
plasma begins to significantly increase in the last 2 ms for
the merger. In particular, close to ISCO, the transferred
energy reaches its maximum value.
Considering that the NSs of the event GW170817 had
magnetic fields on their surfaces ∼ 108 T at the beginning
of the inspiral phase, and, with θ = pi/2, then the energy
associated with the magnetosonic mode could reach val-
ues as high as 1.4 × 1036 J (1.4 × 1043 erg) before the
merger. In Fig. 15 we show the behavior of the energy
as a function of the GW frequency.
The resonant condition for the Alfve´n mode occurs to
θ = 0. According to the behavior of the MHD energies
presented in this section, the energy of the Alfve´n mode
has amplitude higher than the magnetosonic mode for
θ = pi/4.
As previously discussed, this value for the θ angle does
not cause the GW-AW interaction to be in perfect coher-
ence (resonance). Nevertheless, seeing that the Alfve´n
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FIG. 13. The evolution of the perturbed electromagnetic
energy for the MSW mode as a function of fGW . The back-
ground magnetic field is perpendicular to the GW propaga-
tion direction, that is θ = pi/2. The energy is maximum very
close to ISCO and can reach ∼ 4.5×1035 J (∼ 4.5×1042 erg).
The MSW mode remains in coherence with the GWs for a
wide range of values of the θ angle. In the particular case,
θ = pi/2, we have the maximum amplitude for the excitation
of the electromagnetic energy by the MSW mode.
phase velocity is uA‖ ≈ 0.7 c, then we consider θ = pi/4
as “an approximated condition of coherence” for the rep-
resentation of the AW mode energy.
Through the behavior of the electromagnetic energy
excited by the MHD modes, as shown in Fig. 14, we
can obtain the representation of the W
(B)
MSW and W
(B)
AW
functions through a power series of the GW frequency (or
in terms of the system’s orbital frequency, since fGW =
2forbital). That is, we can represent W ∝ fpGW and the
result of that analysis produces
W
(B)
MSW =− 0.338085f11 + 5315.82f10
− 3.6113× 107f9 + 1.38831× 1011f8
− 3.32265× 1014f7 + 5.13136× 1017f6
− 5.12839× 1020f5 + 3.23774× 1023f4
− 1.22143× 1026f3 + 2.48183× 1028f2
− 2.23765× 1030f + 6.56468× 1031 , (85)
and
FIG. 14. The evolution of the electromagnetic energy ex-
cited by the GW-EMW interaction for the source GW170817
detected by aLIGO-VIRGO [104]. The red dashed curve
represents the energy transferred to the magnetosonic mode
through the GWs. The blue curve represents the energy trans-
ferred to the Alfve´n mode through the GWs. We consider
θ = pi/4 (see the text).
W
(B)
AW =− 0.0579517f12 + 1006.29f11
− 7.6465× 106f10 + 3.34092× 1010f9
− 9.27454× 1013f8 + 1.70623× 1017f7
− 2.10551× 1020f6 + 1.72578× 1023f5
− 9.10102× 1025f4 + 2.90493× 1028f3
− 5.02533× 1030f2 + 3.79387× 1032f
− 7.20951× 1033 . (86)
In [59] full GRMHD simulations of NS binaries are
presented. One of their results shows the behavior of
the luminosities as functions of time. For the simulated
systems, the luminosity can be represented in terms of
powers of the orbital frequency of the binary system.
In particular, considering that the magnetic field on
the surface of stars remains constant during evolution,
[59] shows that L ∝ Ωp. Looking at the simulations
of those authors that present a magnetic configuration
similar to that of our work, we can see that they present
p ≈ 1− 2 for the beginning of the inspiral phase.
In the final moments for the merger the growth of lu-
minosity is of the form p ∼ 12. As luminosity and en-
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FIG. 15. The evolution of the perturbed electromagnetic
energy for the MSW mode as function of fGW and associated
with the source GW170817. The background magnetic field
is perpendicular to the GW propagation direction (θ = pi/2).
The energy is maximum close to ISCO and can reach ∼ 1.4×
1036 J (∼ 1.4× 1043 erg).
ergy are directly proportional quantities, the expansion
in power series expressed in our work through Eqs. (85)
and (86) show consistency with the simulations of [59].
V. REFRACTIVE INDEX
Uniform plane waves, ω, can only propagate in plasmas
with frequencies, ωp, such as ω > ωp =
√
Ne e2/(0me).
Otherwise, it occurs in the total reflection of the wave
[108] within the domain of the binary system. A natu-
ral example is the interplay region formed between the
interplanetary medium and Earth’s ionosphere, although
the electron density in the ionosphere increases gradually
with the height. Reflections occur when ω < ωp.
The coefficients of reflection (R) and transmission (T )
are given, respectively, by
R =
√
ω2 − ω2p − ω√
ω2 − ω2p + ω
, (87a)
T =
2
√
ω2 − ω2p√
ω2 − ω2p + ω
. (87b)
For ω > ωp, the values for R and T are real num-
bers and the plane wave ei(
~k·~r−ωt) propagates through
the conductive layer. Otherwise, for ω < ωp, R is an
imaginary number and the wave does not propagate. It
reflects in the conducting layer.
Another way to evaluate the coefficients of reflection
and transmission is through the boundary condition of
the electrodynamics in the linear medium. Consider a
plane wave ~EI(z, t) = ~E0Ie
i(kz−ωt) propagating in the
zˆ-direction and it strikes at the interface separating two
mediums with different refractive indexes (n1, n2). In
terms of the amplitude of the incident wave, the reflected
and transmitted wave amplitudes are
E0R =
(
1− ζ
1 + ζ
)
E0I , (88a)
E0T =
(
2
1 + ζ
)
E0I , (88b)
where ζ ≡ µ1n2/(µ2n1), µ1 and µ2 are the permeability
of the medium 1 and 2, respectively.
Thus, the coefficients of reflection and transmission are
given, respectively, by
R =
(
n1 − n2
n1 + n2
)2
, (89a)
T =
4n1n2
(n1 + n2)2
. (89b)
R and T measure the fraction of the incident energy
that is reflected and transmitted, respectively. Note that
R + T = 1 [109]. Therefore, the goal is to find the re-
fractive index of the plasma medium through the MHD
waves that propagate in it.
First, we apply × ~B(0) in the momentum equation, Eq.
(39), substituting ~E(1) = −~v(1)× ~B(0) and using the vec-
tor property ~A× ( ~B × ~C) = ~B( ~A · ~C)− ~C( ~A · ~B). Thus,
− w
(0)
c2
∂2
∂t2
~E(1) +
∂
∂t
~∇p(1)× ~B(0) = − ∂
∂t
~j(1)B(0)
2
, (90)
with
∂
∂t
~∇p(1) × ~B(0) − γp(0) ~B(0) × [~∇(~∇ · ~v(1))] = 0 , (91)
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that is calculated from the pressure equation [Eq. (36)].
Then,
−w
(0)
c2
∂2
∂t2
~E(1) − γp(0)~∇× ~∇× ~E(1) (92)
+
γp(0)
B(0)2
( ~B(0) · ~∇)(~∇ · ~E(1)) ~B(0) = − ∂
∂t
~j(1)B(0)
2
,
with the analogue equations to the Ampe`re and Faraday
equations in Eq. (33). The term ∂~j/∂t can be isolated:
(
u2m −
∂2
∂t2
)
~E(1) +
[
c2s
u2A
(~uA · ~∇)~u 2A − u2m~∇
]
(~∇ · ~E(1))
(93)
= u2A
(
∂
∂t
~jE + ~∇×~jB
)
,
where uA = cB
(0)/(
√
µ0wtot) and u
2
m = c
2
s + u
2
A are the
Alfve´n and compressional velocities, respectively.
Applying the Fourier transform and remembering of
the expression for ~jE , then Eq. (93) can be algebraically
calculated for ω/k, which is the velocity of the electro-
magnetic wave produced in the plasma through the GW.
That is,

ω2 − k2u2m 0 −
c2suA‖uA⊥k
2
u2A
ω2 − k2u2m 0 0
ω2 − k2u2m 0 k2
(
u2m −
c2su
2
A‖
u2A
)

E
(1)
x
E
(1)
y
E
(1)
z
 (94)
= u2AB
(0)
x kω
 h×−h+
0
 .
Therefore, we note that the xˆ-component of the electric
field depends on the h× GW polarization. On the other
hand, the yˆ-component depends on the h+ GW polariza-
tion. From the equation of the zˆ-direction a relation for
ω and k can be obtained. This results in
ω
k
= ±csuA‖
uA
. (95)
The velocities of the electromagnetic waves depends
on the plasma sound velocity, which normally does not
present high values when compared to the speed of light.
The refractive index is calculated as n = ck/ω. Us-
ing the previous results and taking cs =
√
γp(0)/wtotc,
uA = B
(0)c/
√
µwtot , and uA‖ = uA cos θ, where θ is the
angle that the gravitational wave vector does with the
background magnetic field, we have
n =
1
cs
1
cos θ
(96)
=
1
cos θ
√
wtot
γp(0)
=
1
cos θ
√(
µ(0) + p(0) +
B(0)2
µ
)
1
γp(0)
.
Thus, the refractive index depends on the plasma pa-
rameters: mass density, pressure, and magnetic field.
This makes sense, since in a magnetized plasma system,
the density, the pressure, and the magnetic field are the
parameters responsible for its evolution. For the BNSs,
the magnetic field is high, so the refractive index has also
to be high.
In relation to the surrounding medium, the difference
from a more refringent medium to another less refringent
is that the former does not allow the perturbed electro-
magnetic radiation to escape from the system.
To understand this result, we can take Eq. (89)
with n1 representing the plasma and n2 the surround-
ing medium. As n1  n2, then we have R ' 1 and
T → 0.
Through the equation ωp =
√
Ne e2/(0me), with the
Goldreich-Julian density ≈ 1012cm−3 to the plasma sur-
rounding the binaries [98], the MHD wave would need to
have a higher frequency than 1 GHz to cross the conduct-
ing layer. As the perturbed MHD wave is in coherence
with the GW frequency, so reaching values∼ kHz, then it
collides with the conducting layer being totally reflected.
VI. THE POYNTING VECTOR
The energy flux density (energy per unit area and per
unit time) carried by the electromagnetic fields can be
determined by the Poynting vector. It is given by
~S(1) =
1
µ
~E(1) × ~B(1) . (97)
It can be calculated for the two MHD modes: Alfve´n
and magnetosonic modes. The AW has an electric field in
the E
(1)
x xˆ and E
(1)
z zˆ directions. The magnetic field is in
the B
(1)
y yˆ direction. Thus, ~S is in the zˆ and xˆ directions.
In particular,
~SAW = − 1
µ
v(1)y B
(1)
y
~B(0) . (98)
Substituting the expressions from Sec. III, Eqs. (65)
and (66), for the rest frame, we obtain
~SAW ∝ h2× ~B(0)
ω2
ω2 − k2 , (99)
since ω/k = csuA‖/uA. Based on the above equation, the
transported energy depends strongly on the frequency
and amplitude of the GWs.
For the MSW mode, the electric field is in the E
(1)
y yˆ
direction while the magnetic field is in the B
(1)
x xˆ direc-
tion. In this case, the Poynting vector will be in the zˆ
direction. That is,
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~SMSW = − 1
µ
E(1)y B
(1)
x zˆ . (100)
Using Eqs. (69) and (75), we find the strong depen-
dence of the Poynting vector with the frequency and am-
plitude of the GWs that interact with the plasma.
Electromagnetic fields transport energy and momen-
tum. When the light strikes a perfect absorber, it trans-
mits its momentum to the surface. Thus, the radiation
pressure can be obtained from the Poynting vector as
P =
S
c
∝ (h2+ + h2×)ω2 . (101)
Hence, for the model discussed here with the significant
Poynting vector, especially at the instants close to the
merger, the radiation pressure can reach high values.
An interesting analysis of the Poynting vector consists
to find the plasma parameters that amplify or attenuate
the energy carried by the MHD modes. Thus, taking
the first derivative of the Poynting vector with respect to
time, we have
∂
∂t
~S =
1
µ
[
∂
∂t
~E(1) × ~B(1) + ~E(1) × ∂
∂t
~B(1)
]
. (102)
Substituting the expressions of ~B(1) and ~E(1), we ob-
tain
µε
∂
∂t
~S =
1
µ
[
− 1
2
~∇B(1)2 + ( ~B(1) · ~∇) ~B(1)
]
+ ε
[
− 1
2
~∇E(1)2 + (E(1) · ~∇)E(1)
]
−
(
1
µ
~jE × ~B(1) + ε ~E(1) ×~jB
)
. (103)
The first two terms on the right-hand side correspond
to the Maxwell stress tensor [109]. The derivatives of
the Poynting vector and the Maxwell stress tensor are
equal to the force per unit of volume on the electrical
charges in the plasma. Therefore, the interaction of the
GWs with the electric and magnetic fields exerts the role
of force acting on the charges contained in a certain vol-
ume. This result corroborates the assertion that the cou-
pling of GWs with magnetized plasma provides energy
and momentum to the charges of the plasma. Finally,
if the derivative of ~S is zero, which corresponds to the
condition of maximum energy transport, then the force
applied on the charges should be equal to the Maxwell
stress tensor.
VII. FINAL REMARKS
The main objective of this work is to present a semi-
analytical formalism, which allows to study the coupling
between GWs with strongly magnetized plasma presents
in BNS systems. With the detection of the first BNS
merger observed in GWs (GW170817) followed by elec-
tromagnetic counterpart (GRB 170817A), the era of the
multimessenger astronomy began.
Thus, it becomes important to develop not only numer-
ical simulations in full GRMHD but also to develop semi-
analytical tools that allow exploring the space of parame-
ters, contributing to our understanding on the physics of
compact objects and the physical mechanisms associated
with the generation of sGRBs.
Our work has deepened previous studies developed
mainly in [65, 69–72, 75–78]. However, none of these
works presented the explicit mathematical calculations
as we developed in this article. Additionally, in these
previous works, the authors assume a delta function to
calculate the interaction and the transference of energy
between the GWs and the magnetized plasma of the bi-
nary system. We present the expressions for the full
coalescence phase and discuss the consequences of this
interaction.
We consider that the plasma is in the ideal MHD ap-
proximation and can interact with the GW released by
the coalescence of the stars. While the NSs orbit each
other, the system releases gravitational radiation that
crosses the magnetized medium surrounding the stars.
The plasma is frozen in the magnetic field lines extend-
ing up to the light cylinder radius (∼ 10 times the orbital
radius).
Plasma particles are forced by the h+ and h× ampli-
tudes to change their trajectories and as a result the
plasma is excited by the propagation of the GWs. As
a direct consequence of the interaction with the GWs,
two wave modes are excited in the plasma. Initially, the
set of equations is written in the comoving frame but we
need to study the consequences of the coupling in the
laboratory frame.
Once all of our formalism was developed and presented,
we apply it to two different cases: (a) for the computa-
tional simulations in full GRMHD of [64] and (b) for
the detected event GW170817 [104]. For the first case,
we calculated the energies associated with the AW and
MSW modes and considering θ = pi/4. It is important
to emphasize that the MSW mode remains in coherence
with the GWs over a wide range of θ values while the
AW mode remains in coherence only for θ = 0.
If θ = pi/4, the Alfve´n phase velocity is ∼ 0.7 c and
there is no perfect GW-AW resonance. We denominate
this as “approximated condition of coherence” and it is
permitted to obtain an estimate of how the energy asso-
ciated to the AW mode behaves. For the MSW mode we
also use θ = pi/2 which provides the maximum amplitude
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for the excitation of the electromagnetic energy.
Concerning the case (a), we calculate the perturbed
quantities for the BNS and compare the results with the
simulations of [64]. We follow the system evolution with
our modeling from 100 Hz until the ISCO frequency of the
system. Figures (8), (10), and (11) show the evolution of
the main physical quantities.
We calculate the electromagnetic energy transferred by
the MHD modes for two angles (θ = pi/4 and θ = pi/2).
As discussed above, the magnetosonic mode remains in
coherence for both angles. However, the Alfve´n mode is
only in coherence with the GWs when θ → 0.
Figure (12) shows the electromagnetic energy excited
when θ = pi/4. The Alfve´n mode reachs ∼ 1035 J before
merger, while the magnetosonic mode reaches ∼ 1032 J at
the ISCO frequency. However, for θ = pi/2, we consider
only the MSW mode and the electromagnetic energy is
∼ 4.5 × 1035 J for frequencies very close to ISCO (see
Fig. 13).
We compare these results with those obtained by [64]
and, in general, our results (e.g, electromagnetic energy
modes and magnetic fields) have similar evolution, espe-
cially in the last 2 ms for the merger.
The second case study is related to the source
GW170817 detected by the LIGO-VIRGO collaboration
[104]. The main parameters are: 2.73M for the total
mass and Mc = 1.186M for the chirp mass. On the
other hand, we consider for each star B(0) = 108 T and
R? = 1.36×104 m as typical parameters for, respectively,
the magnetic field on the star surfaces and for their radii
[59, 64]. Using our formalism it is then possible to obtain
fGWISCO ' 1610 Hz which produces β = 0.035f1/3GW .
We find that the total stored energy in the plasma re-
sulting from coupling with the GWs can reach maximum
value ∼ 1033 J for the MSW and ∼ 1035 J for the AW
when θ = pi/4. We show in Fig. 14 the behaviors of the
energies of the MHD modes with the frequency during
the inspiral phase until the ISCO frequency. For θ = pi/2
the MSW mode can store ∼ 1036 J instants before the
merger as can be seen in Fig. 15.
The magnetosonic mode is more efficient, since its per-
turbation is perpendicular to the background magnetic
field as a compressional wave. This is the same condi-
tion to an efficient coupling between the GWs and the
plasma waves. The shear wave excites parallel oscilla-
tions to ~B(0), reducing the stored energy.
The stored magnetic energy evolves with the GW fre-
quency. Thus, lower frequencies also contribute to store
the energy although the most important contribution oc-
curs for instants immediately before the merger, as can
be seen in Figs. 12 and 14.
The MHD waves can propagate through in the magne-
tized plasma. Nevertheless, we need to assess whether
these waves can flow out of the region in which they
are generated. The important parameter in this case is
the refractive index. We show that this parameter de-
pends on the mass density, pressure, and magnetic field,
Eq. (96). For the BNSs, the magnetic field is strong, so
the refractive index can reach huge values.
On the other hand, the medium surrounding the
plasma has refractive index ∼ 1. The difference from a
more refringent medium, that means the plasma around
the BNS, to another less refringent (the interstellar
medium) is that the perturbed electromagnetic radiation
can not escape the system.
Uniform plane waves, ω, can only propagate in plas-
mas with frequencies such as ω > ωp =
√
Ne e2/(0me).
Considering the Goldreich-Julian density ≈ 1012cm−3 for
the plasma surrounding the binaries [98], the MHD waves
would need to reach frequencies higher than 1 GHz to be
able to cross the conducting layer of the plasma. Since
the perturbed MHD wave be in coherence with the GW
frequency, values . 1 kHz, it collides with the conduct-
ing layer being totally reflected and remaining confined
in the system.
We show in Eqs. (99) and (100) that the energy de-
pends strongly on the frequency and amplitude of the
gravitational perturbation. When a wave strikes a per-
fect absorber, it transmits its momentum to the sur-
face. Our calculations show that the radiation pressure
is P ∝ (h2+ + h2×)ω2.
During the coalescence, the frequency and amplitude
increase until they reach the highest values in the merger
of the system. Therefore, the radiation pressure also
reaches huge values. Theses characteristics are important
to understand the phenomenons that arise with BNSs,
primarily, the bursts and the high Lorentz Factor in the
sGRBs.
Regarding the GRB 170817A, it was considered as pos-
sibly being an sGRB due to its duration of (2 ± 0.5) s.
However, the equivalent isotropic energy is (5.35±1.26)×
1039 J, which results in a value lower by three orders of
magnitude than the weakest sGRB known [105]. It is
not clear what the origin of this “weakness” is. How-
ever, some authors have argued that the weak emission
is consistent with an off-axis viewing effect [110, 111].
Our work shows that for θ = pi/2 the MSW mode could
reach energies ∼ 1036 J. As this MHD mode remains in
coherence with the GWs for a wide range of values of θ,
the resonance condition between the GW-MHD is pre-
served. The energies inferred for the event GW170817
could be reached in our model if B? ∼ 2 × 109 T. Even
greater energies could be obtained by increasing the ini-
tial magnetic field on the surface of the stars.
Another point to consider is that our formulation, in
its current state, allows us to consistently follow the evo-
lution of the system during the inspiral phase until very
close to the ISCO. The subsequent phase in which the
formation of HMNS occurs and the final collapse to form
a black hole, as shown in [64], are not followed in our
model.
In particular, [64] argue that the magnetorotational in-
stability could be generated about 5 ms after the forma-
tion of the black hole. Thus, a significant amplification
of the poloidal and toroidal magnetic fields can occur.
This can contribute to increasing the energy of the MHD
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modes leading to values much higher than 1039 J.
We show that GWs can coherently excite MHD waves
that, in turn, carry energy and momentum. Therefore,
the GW-MHD coupling mechanism could become an im-
portant player for studying the engine associated to the
generation of sGRBs.
Our results have consistency with the evolution of the
physical parameters shown in the full GRMHD simula-
tions of [64] and with the polynomial expressions to relate
energy with frequency as discussed in [59]. This can be
seen through our Eqs. (85) and (86).
At last, the gravity participates as the fundamental
force to lead the coalescence of the stars in a binary
system. Furthermore, the GWs can be part of a more
fundamental mechanism to help produce the gamma-ray
bursts and so to accelerate the baryonic matter for high
Lorentz factor.
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Appendix A: Terms Ξ and Π of the perturbed
magnetic field
Equation (75) presents the perturbed magnetic field by
MSWs. The terms Ξ and Π are, respectively,
Ξ(k, ω) ≡ B
(0)
x
1− β
{
us
ω2 − k2u2s
[
ω
us − β
1− βus +
kus
(1− βuA‖)2
[
(uA‖ − β)2 +
u2A⊥
γ2
]]
(A1)
− uf
ω2 − k2u2f
[
ω
uf − β
1− βuf +
kuf
(1− βuA‖)2
[
(uA‖ − β)2 +
u2A⊥
γ2
]]
+ 2
(us − β)2(uf − β)2
(1− βuf )2(1− βus)2 ·[
us
ω2 − k2u2s
1− βus
(us − β)2
[
ω
us − β
(uA‖ − β)2
[
1− u
2
A⊥
γ2(1− βuA‖)2
]
+ kus
1− βus
(1− βuA‖)2
]
− uf
ω2 − k2u2f
1− βuf
(uf − β)2
[
ω
uf − β
(uA‖ − β)2
[
1− u
2
A⊥
γ2(1− βuA‖)2
]
+ kuf
1− βuf
(1− βuA‖)2
]]}
,
and
Π(k, ω) ≡ −β
γ
B(0)z
ω
(1− βuA‖)2
1− u2A
(uA‖ − β)2
(uf − uA‖)
[
(uf + uA‖)(1 + β
2)− 2β(1 + ufuA‖)
]
(1− βuf )2(1− βus)2 (A2)[
us(us − β)(1− βus)
ω2 − k2u2s
− uf (uf − β)(1− βuf )
ω2 − k2u2f
]
.
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